The nonreciprocal propagation of light at the single-photon level is essential for building a quantum network. Bulk optical schemes are lossy and difficulty to integrate onto a chip. We propose a single-photon optical diode and a three-port circulator without a magnetic field by coupling an unbalanced quantum impurity to a passive, linear optical waveguide or a whispering-gallery-mode microresonator which supports a locally or globally circularly polarized photon. Thanks to the unbalanced quantum Jaynes-Cummings coupling, the optical nonreciprocal propagation of single photons can be achieved without an external magnetic field. In particular, the three-port single-photon circulator can be accomplished using the existing experimental technology. The optical isolation can be reversed by selectively populating the initial state of the quantum impurity. Moreover, by using an ensemble of identical atoms filled in a hollow-core microbottle resonator, nonreciprocal propagation of weak light pulses can be achieved.
I. INTRODUCTION
On-chip optical nonreciprocal propagation, e.g., optical isolation, has attracted intensive research [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] for its important potential applications in optical communications and technology. The development of nonreciprocal optical devices is a longstanding but highly challenging goal in integrated optics. In bulk optics, this is achieved using the Faraday effect. Despite many attempts, on-chip devices using the magneto-optical effect [1, 2] , optical nonlinearity [3, 4] , and photonic crystal heterojunctions [5] may suffer large losses in transmission. A nearly unit transmission can be achieved via the modulation of the material's optical properties temporally and in space [6] [7] [8] , or by using a parametric process [9, 10] . The breaking of parity-time symmetry has been used to demonstrate optical nonreciprocity [12, 13] . However, these schemes are not suitable for a single-photon diode because the field at the single-photon level is too weak for an optical nonlinear process.
A single photon is a vital resource for quantum information processing. The unidirectional propagation of a single photon is therefore crucial for many quantum applications, such as constructing a quantum internet [14, 15] , but achieving such unidirectional photon transport at the quantum level remains a difficult and so-far-unsolved problem. The only two works towards this direction are proposed by Shen et al. using local photon polarization in a photonic crystal waveguide [16] , and by Hafezi and Rabl using an optomechanical resonator [17] .
In this paper, we show that all-solid-state single-photon isolation without an external magnetic field can be achieved with a near unit contrast by exploiting an unbalanced quantum impurity, e.g., cesium atoms coupled to a passive, linear photonic circuit. Unlike the use of weak optical nonlinearity, or using temporal modulation or the Faraday effect, our magnetic-field-free configuration is here based on cavity quantum electrodynamics, which can work at the single-* keyu.xia@mq.edu.au photon level and can be integrated on a chip. This scheme will also work for a weak signal light as long as we use an ensemble. Although cavity-QED setups have been previously studied for the control of photons by adding or removing a single Rb atom to high-Q optical whispering gallery modes (WGMs) [18, 19] , the important application of nonreciprocal behavior for photon circulators has not been fully addressed, in particular, the photon circulator at the single-photon level. We also note that although Witthaut and Sørensen discussed quantum interference by a V-type emitter in a one-dimensional waveguide [20] , nonreciprocal behavior was not addressed.
II. SYSTEM
Here we first explain the basic idea for our optical isolation. We dope a V-type quantum impurity with degenerate transition frequencies ω q , but different dipole moments μ ± , and decay rates γ ± at a certain place where a passive, linear waveguide or WGM microresonator couples to it. Essentially different from Shen's work [16] , the quantum impurity in our scheme couples to the σ + − and σ − −polarized light with different rates, g + ∝ μ + and g − ∝ μ − , respectively. The waveguide [16] or WGM microresonator [18, 19, 21] supports a locally or globally planar, circular polarization. In such optical setups the polarization of the light is dependent on the propagation direction of the light. For instance, one can arrange that the polarization of light at the location of the impurity is right-hand circular (σ + ) when the input light propagates forward (left-hand input), while it is σ − polarized for the backward-propagating photon (right-hand input). As a result, time reversal symmetry breaks if |g + | = |g − |, leading to the nonreciprocal propagation of a single-photon even without an external magnetic field. We go further to study a WGM microresonator mentioned above coupled to a bus(throughput) waveguide and a drop waveguide simultaneously. Such a configuration constitutes a three-port single-photon circulator. Now we start by describing the configuration of our singlephoton diode and circulator. We propose two implementations for the single-photon diode and one for the photon circulator.
(Color online) Schematics of the single-photon diode and circulator. (a) Single-photon diode using an unbalanced quantum impurity implanted at the center (zoomed view) of a photonic crystal line-defect waveguide (white) with triangular lattice of air holes (black). The zoomed insert view shows the position where the waveguide possesses locally circular polarization. The polarization at this central location is found to be circular by a numerical finite-difference time-domain (FDTD) simulation for λ = 852 nm. This wavelength is tunable by tuning the size of air holes. The σ − -polarized photons entering from the right are transmitted because they mostly decouple from the quantum impurity, while σ + -polarized photons incident from the left are scattered by the impurity into the open environment due to the considerable large coupling. (b) Singlephoton diode or circulator using an unbalanced quantum impurity doped in a WGM microresonator with resonance frequency ω c . The microresonator possesses locally [21] or globally [18, 19] a right-circular-polarized (σ + -polarized) counterclockwise mode and a left-circular-polarized (σ − -polarized) clockwise one. The cavity couples to a lower bus (throughput) waveguide with a rate κ ex1 and a upper drop waveguide with a rate κ ex1 . (c) A Cs atom working as a unbalanced quantum impurity with g + g − and decay rates γ + γ − [22] . In both branches, the transition frequencies are ω q . The Cs atom can also be replaced with a Rb atom [18, 19] or a quantum dot [23] .
The type-I single-photon diode can be modeled as the single-photon transport in a line-defect waveguide [ Fig. 1(a) ]. The waveguide is a single-polarized single mode (SPSM) waveguide possessing either a right-hand circular polarized (σ + ) light or a left-hand circular polarized (σ − ) light. The type-II single-photon diode and circulator are based on cavity QED involving a WGM microresonator [ Fig. 1(b) ]. In this setup, the left-hand linear polarized pump light excites a σ + -polarized counterclockwise mode, whereas the right-hand input drives a σ − -polarized clockwise mode [18, 19, 21] . In both cases, the doped quantum impurity strongly couples to the σ + -polarized light but weakly interacts with the σ − polarization [18, 19, 21] . As a consequence, the time-reverse symmetry of the whole system breaks. The single-photon diode shown in Fig. 1(a) permits optical nonreciprocity so that the system scatters the left-hand input single photons into an open environment but behaves transparently for the right-hand input photons. In Fig. 1(b) , we construct a three-port single-photon circulator. When the photon inputs into the port P 1 , it comes out from the port P 2 . Interestingly, the photons incident to the port P 2 transport to the third port P 3 . Therefore, this configuration forms a single-photon circulator. The type-II single-photon diode is a specific case of circulator if we remove the drop waveguide. Throughout our investigation below, we use a Cs atom as the quantum impurity so that μ + = √ 45μ − and r = |μ + |/|μ − | 2 = 45 [22] . The parameter μ − can be completely suppressed by using a negatively charged quantum dot [23] and subsequently r can be enhanced by orders of magnitude.
III. PHOTONIC CRYSTAL CONFIGURATION
The first configuration in Fig. 1(a) can only work as an optical diode. Note that the quantum emitter scatters the σ + -polarized photons from the left into open environment but does not reflect it back to the right. There are two reasons: First, we assume that the quantum emitter is doped at the position where the waveguide ideally possesses only the right-propagating σ + polarization photons or the left-propagating σ − polarization photons, while the left-propagating σ + polarization photons are completely suppressed. Secondly, the excited emitter by the σ + polarization photons can only emit the right-propagating mode or scatter photons into an open environment. Therefore, the reflection of the σ + -polarized photons should always be zero ideally. We can derive the steady-state solution for the transmission for the two atomic transitions by using the photon transport method [16, 24] (see Appendix A),
where ω is the carrier frequency of the input photon and ± = V 2 ± /2v g , V ± is proportional to the dipole moments, μ ± is the coupling strength between the field in the waveguide and the quantum impurity, and v g is the group velocity of the photon in the waveguide. Because μ + μ − and γ ± , ± ∝ |μ ± | 2 , the ratio r = γ + /γ − = + / − 1. The transmission is defined as T ± = |t ± | 2 and R ± = |r ± | 2 , respectively. Obviously, the transmission disappears only at the on-resonance critical coupling, i.e., ω − ω q = 0 and γ ± = ± . The contrast is evaluated as η = |T − − T + |/|T − + T + | [16] . The detuning is defined as = ω q − ω.
We set α = + /γ + = − /γ − , which is the ratio of atomic dissipation rates due to the coupling of the emitter to the waveguide and open environment. If α ≈ 1, the doped quantum impurity can create nonreciprocal windows, as shown in Fig. 2 . It can be clearly seen that T − is almost equal to unity for a right-hand input, while T + is small if 10 | |/γ − 30. The resulting contrast η is larger than 0.80. Note that two transmissions T + and T − are the same, ∼0 at = 0 for both of the right-handed and left-handed inputs. At vanishing detuning, irrespective of the input port, propagation through the waveguide is greatly restricted [see Fig. 2(a) ]. However, the linewidths of the dip for the left-hand input (blue solid line) are much broader than those for the right-handed incident photon (red dashed line). As a result of this directionality-dependent The contrast α is an important parameter affecting the performance of the single-photon diode, which makes use of the coupling of a single quantum impurity to a line-defect waveguide. It can be clearly seen from Fig. 2 (b) that a good nonreciprocal behavior occurs only around the critical coupling α ∼ 1. Correspondingly, the contrast η can be larger than 0.8 if 5α | |/γ − 10α and 0.53 < α < 1.8.
IV. WGM MICRORESONATOR CONFIGURATION
Below we discuss the transmission to the bus and drop ports for the type-II single-photon diode and the circulator. We find that the two counterpropagating modes in the WGM microresonator couple to the quantum impurity with different coupling strengths due to the different dipole moments μ + and μ − , as shown in Fig. 1(b) . Similar to the type-I single-photon diode, the transmissions into the bus and drop waveguides are found to be given by (see Appendix B)
where
2 /2v g ) is the decay rate of the cavity due to the external coupling V 1 (V 2 ) to the bus (drop) waveguide, and κ = κ i + κ ex1 + κ ex2 is the total decay rate of the cavity where κ i is the intrinsic decay rate of the cavity. We define the detuning = ω c − ω and always assume that ω c = ω q , the degenerate internal transition frequency of the V-type atom. The transmissions are defined as T ±,B = |t ±,B | 2 and T ±,D = |t ±,D | 2 . We assume that the photons in both of the bus and drop waveguides have the same group velocity v g .
A. Type-II single-photon diode
The type-II single-photon diode is a specific case of the circulator when κ ex2 = 0. As a result, T ±,D = 0. In this case, the cavity works as a single-photon diode, as shown 
B. Single-photon circulator
To construct a single-photon circulator, we add a drop waveguide to the device and both of the bus and drop waveguides overcouple to the cavity, e.g., κ ex1 = κ ex1 = 3κ i [see Fig. 4(a) ]. We are interested in the vicinity of ∼ 0. For the left-hand input α in , most excitation of the photon can transport to the bus-waveguide port P 2 , T +,B = 0.85 (solid blue line), and the output to the drop port P 4 (dashed blue line)
Tran sm ission
Tran sm ission is vanishingly small. The transmission for the right-hand input is more complicated. There is a dip (peak) in the transmission T −,D (T −,B ), but the linewidth is very small, about 0.16κ i [ Fig. 4(b) ]. In contrast, the whole transmission profile has a linewidth of 11κ i . Therefore, a single-photon pulse with a finite bandwidth 0.16κ i B 11κ i can transport to the drop port P 3 with a probability of 74%. The probability transmitting to the bus-waveguide port P 1 is small, about 2%, yielding a contrast 0.95. However, the performance of the isolation needs to be evaluated by numerically simulating the propagation of a single-photon pulse, as in the case of the photon storage [25] . Our numerical simulations match the analytic forms well (see gray lines in Fig. 4) . If | | ∼ g − , the nonreciprocal behavior of the circulator is clear, T +,B = 0.835 to the port P 2 , T +,D = 0.032 to P 4 , and T −,B = 0.021 to the port P 1 , T −,D = 0.733 to P 3 . As a result, the device forms a P 1 → P 2 → P 3 circulator with ports P 1 , P 2 , and P 3 . The single-photon incident from the port P 1 transmits to the port P 2 , while the photon entering the port P 2 comes out from the port P 3 .
However, the isolation of a long single-photon pulse when | | = g − can be clearly seen from Fig. 4 . The dynamics of the single photon around ∼ 0 is complicated.
To provide a numerical proof of the single-photon isolation using the circulator, we numerically simulated the propagation of a single-photon pulse in time as it passed through the circulator. To do so, we numerically solved the following set of equations of motion:
i∂ t e c = (
i∂ t e a = ( − iγ ± )e a + g ± e c ,
where φ ±,B (x,t) (φ ±,D (x ,t)) is the wave function of the traveling photon at x (x ) in the bus (drop) waveguide for the left-hand (right-hand) input. e c is the excitation of the counterclockwise (clockwise) cavity mode corresponding to the the left-hand (right-hand) input, and e a is the excitation in the σ + (σ − ) transition branch of the quantum impurity. We input a Gaussian pulse wave packet, φ(x,0) ±,B = 4 τ 2 /π e
2 , where τ is the spatial duration of the pulse. The input is normalized to yield a single excitation, Fig. 1(b) forms a P 2 → P 1 → P 4 circulator. The atom can be implanted into the microresonator to form a solid-state device [26] , or the atom can be also substituted by a negative-charged quantum dot [23] . Our reversible nonmagnetic single-photon diode or circulator can be realized using existing technology. For instance, the intrinsic decay rate of a WGM microresonator possessing a globally circular polarization can reach κ i = 4.8 MHz [19] . A single Cs or Rb atom close to the surface of the microresonator can interact with a cavity mode with a strength g + /2π = 17 − 50 MHz [18, 19, 22, 27] . The dissipation rate of the Cs atom is measured to be γ + /2π ≈ 2.5 MHz. For the Cs atom, μ + = √ 45μ − , yielding g + = √ 45g − and γ + = 45γ − . The external coupling κ ex1 and κ ex2 can be turned to ∼20 MHz [18, 19] . Thus the circulator can be implemented based on these parameters.
We use the single-photon transport model in real space developed by Shen and Fan [24] for our numerical simulation. This single-photon transport model governs the interaction of a single photon and a quantum emitter. It has been widely used to study the time dynamics [28] , the frequency conversion [29, 30] , and the steady-state transmission [20, 31, 32] of a single photon in real space. This single-photon transport model considers at most one excitation in the Hilbert space. It neglects the vacuum state, which has zero photons, and has the atom in the ground state, and also truncates the higher excitation states. Thus, the shape of the general stationary state and the time evolution equation (3) are scalable in mathematics. The model is valid for a single-photon input in the single-excitation space. However, this single-photon transport model cannot be simply applied to a coherent state scattering problem because the model is valid only for the single-excitation Hilbert space. To evaluate the performance of our devices, we normalize the total (input) excitation to unitary. Actually, the method can be extended to investigate few-photon transport in real space [33] [34] [35] [36] [37] , but the general eigenstates and the evolution equation need to change accordingly to include higher excitation states in Hilbert space. 
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Although this work studies the single-photon isolation, it can be extended to isolate a weak coherent laser pulse spanning a broadband if we envisage a hollow bottle microresonator using a hollow-core optical fiber [38] filled with Rb or Cs atom vapor [39] [40] [41] . The atoms close to the inner surface of a microresonator strongly couple to the cavity mode and the collective coupling is enhanced by √ N , yielding a rate √ Ng + , where N is the number of total involved atoms. This collective coupling can reach several gigahertz, since g + can be ∼50 MHz. Furthermore, such a design (gas atoms inside a hollow WGM resonator) is able to provide a single photon or weak-pulse photon isolation to work for photon isolation at room temperature [39, 40, 42] . Therefore, our optical isolator can work at room temperature and allow a unidirectional transport of photons with a speed of gigahertz.
In conclusion, we have studied the optical nonreciprocity induced by the unbalanced coupling between a V-type quantum impurity and a single photon. We have proposed two schemes for the single-photon diode and one scheme for the single-photon circulator. Interestingly, the nonreciprocal optical device without external magnetic fields can be integrated in a passive, linear photonic circuit. In particular, the single-photon three-port circulator can be a building block for a quantum internet [14, 15] . Furthermore, the optical nonreciprocity can be reversed by manipulating the initial state of the quantum impurity. 
APPENDIX A: TYPE-I SINGLE-PHOTON DIODE
In this Appendix, we derive the steady-state transmission for each type of diode and the circulator using the photon transport method developed by Shen and Fan [24] . Given the HamiltonianĤ describing the motion of system with eigenstate |ψ , we have the Schrödinger equation i ∂|ψ ∂t = H |ψ . Below we start from the Schrödinger equation to derive the steady-state transmission and reflection.
For the single-photon diode using the photonic crystal linear defect, the Hamiltonian in real space describing the interaction of the quantum impurity and the traveling single photon is given bŷ V ± is proportional to the dipole moments, μ ± is the coupling strength between the field in the waveguide and the quantum impurity, and v g is the group velocity of the photon in the waveguide. The first (second) term describes the free evolution of the right-going (left-going) mode. The second line shows the interaction between the quantum impurity and the traveling modes. The free Hamiltonian of the impurity is described by the last line.
We assume that the eigenstate of the system given by |ψ =
eâg ]|∅ has the eigenvalue ω so thatX = e −iωt X with X ∈ {φ R ,φ L ,e a }.φ R (x,t) andφ L (x,t) are the wave functions of the right-moving and left-moving photons, respectively.ẽ a (t) is the excitation of the quantum impurity. |∅ is the vacuum state with zero photons in the waveguide and with the atom in the ground state. We assume that the quantum impurity locates at x = 0. For simplicity, we consider the ideal case that the field at the position of the quantum impurity is completely σ + -or σ − -polarized. In this case, the σ + (σ − )-polarized incident photon couples only to the σ + (σ − ) transition of the emitter. The emitter cannot generate σ − (σ + )-polarized photons and only scatters the photon into the environment. Therefore the reflection R for both the leftand right-hand input is always zero ideally. For the purpose solving the transmission amplitude for an incident photon, we have φ R (x) = e iQx [θ (−x) + t + θ (x)] for a left-hand incident photon and φ L (x) = e −iQx [t − θ (−x) + θ (x)] for a right-hand input for modes at location x [24] , where t ± is the transmission amplitude. θ (x) is the Heaviside step function that θ (x)| x=0 = 1/2, [43, 44] . Q is the wave vector of the input field around the frequency ω. In the vicinity of ω in , we linearize the dispersion of the waveguide and have Q = (ω − ω in )/v g . As a result,
In the steady state, we have
for a left-hand input, and
for a right-hand input. Then we can derive the steady-state solution that for the transmission for the left (right)-hand incident σ + (σ − ) photon driving the atomic σ + (σ − ) transitions by using the photon transport method [24, 43, 44] 
where ± = V 2 ± /2v g . The transmission is defined as T ± = |t ± | 2 , and the detuning = ω q − ω.
APPENDIX B: TYPE-II SINGLE-PHOTON DIODE AND CIRCULATOR
In the configuration shown in Fig. 1(b) , the unbalanced quantum impurity doped in a WGM microresonator couples to the σ + -polarized counterclockwise mode and the σ − -polarized clockwise mode with different rates g + and g − , respectively. The cavity overcouples to a bus waveguide and a drop waveguide with external coupling κ ex1 and κ ex2 , respectively. The laser inputting into the bus waveguide from the port P 1 (P 2 ) excites the counterclockwise mode (the clockwise mode). The transmitted pulses propagate in either the bus waveguide or the drop waveguide. When κ ex2 = 0 the circulator can be considered as a single-photon diode. In this specific case, the device without the drop waveguide works as a type-II single-photon diode.
Here we discuss the transmission to the bus and drop ports for a general nonreciprocal optical device, the circulator. We find that the two counterpropagating modes in the WGM microresonator couple to the quantum impurity with different coupling strengths due to the different dipole moments μ + and μ − . For example, a Cs atom populated in |6S 1/2 ,F = 4,m F = 4 results in μ + = √ 45μ − and μ + = √ 25μ − for a Rb atom populated in |5 2 S 1/2 ,F = 3,m F = 3 . The quantum impurity strongly couples with the strength g + -to the σ + -polarized counterclockwise mode excited by the right-hand input photon. In contrast, it weakly interacts with the σ − -polarized clockwise mode driven by the left-hand input photon. The Hamiltonian describing the dynamics and interaction of the photons in the device has the form 
